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Abstract 



Effective dimension-5 operators which modify the gauge kinetic term in Grand Unified Theories may 
arise as a consequence of quantum gravity or string compactification. We exhaustively calculate the 
modification of the gauge unification condition due to such operators for all viable rank-preserving 
symmetry breakings of SO(fO) and E(6) grand unified models. 
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r^, ' I Introduction 

^> ■ The Standard Model (SM) is based on the gauge symmetry QsM = SU (3)c ® SU {2)l®U (l)y which 
. has three independent couplings g3,g2, and gi of different strength. If the strong and electroweak 
I interactions merge at high energy within a grand unified theory (GUT) framework then at that stage 
they will be described by a single gauge coupling gcuT- This will necessitate a correlation among the 
■ strengths of the three forces measured at lower energies (~ Mz)- GUTs would also interrelate fermion 
, masses because quark-lepton unification is an essential ingredient of the programme [U [2]. 

The current low energy measured values of the gauge couplings are no longer consistent with unification 
in a minimal SU{5) GUTs nor is the key prediction of proton decay so far observed. Further, in SU{5), 
^ . the SM Higgs doublet {H2) sits in a GUT multiplet with a colour triplet (Hs). While H2 should be at 
^ I the electroweak scale, needs to be very heavy to avoid rapid proton decay - the so-called doublet- 
triplet splitting. Another shortcoming of the minimal GUT concerns the fermion mass relations. 
Though b — T unification occurs naturally, the light quark-lepton mass ratios, such as mg/m^, do 
not follow. This has encouraged interest in GUT models based on larger groups such as 5'O(10) and 
£"(6) which provide the option of a higher unification scale suppressing proton decay along with a 
richer Higgs structure and several intermediate symmetry-breaking mass scales leading to testable 
consequences at colliders or via the observation of n — n oscillations. Needless to say, unification of all 
interactions with gravity is the final objective and grand unification is a step in this direction. 

In the absence of a full quantum theory of gravity it has been a useful exercise to explore some of 
its implications on grand unification through higher dimension gauge invariant effective operators, 
suppressed by powers of the Planck mass, Mpi. In string theory, similar effective operators could arise 
from string compactification, Mpi being then replaced by the compactification scale Mc- 
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In this work we focus on the corrections to the gauge kinetic term: 



Am = -j-Tr{F^,F^'''). (1) 



where F^^'^ = TuXi.F^'^ is the gauge field strength tensor with Aj the matrix representations of the 
generators of Qgut normalized to Tr{Xi\j) = c 5ij. The A, are often chosen in the fundamental 
representation with c = 1/2. In the following, other representations are sometimes found convenient. 



The dimension-5 term from quantum gravity (or string compactification) examined here is [3]: 

V 



C 



dim— 5 



Mpi 



^Tr{F^,<^DF^'n 
4c 



(2) 



where stands for the D-component scalar multiplet and t] parametrises the strength of this inter- 
action. A gauge invariant of the form in eq. ([2]) is allowed if is in any representation included 
in the symmetric product of two adjoint representations of the group. For example, in 50(10), 
(45 (g) 45)sym = 1 ® 54 e 210 e 770 and $d may be 54- or 210- or 770-dimensional. 

When develops a vacuum expectation value (vev) V£), which sets the scale of grand unification 
Mx and drives the symmetry breaking Qgut Qi ® Q2 ® ■ ■ - Qn, an effective gauge kinetic term is 
generated from eq. ([2]). Depending on the structure of the vev, this additional contribution, in general, 
will be different for the kinetic terms for the subgroups Qi,. ■ -Qn- After an appropriate scaling of the 
gauge fields this results in a modification of the gauge coupling unification condition to: 

gl{Mx){l + e6i) = gl{Mx){l + e62) = ... = gl{Mx){l + e<5„), (3) 

wherein the 5i, i = 1, 2, . . . n, arise from eq. ([2]) and e = rjVn/lMpi ~ 0{Mx jMpi). Thus, the presence 
of the dimension-5 terms in the Lagrangian modify the usual boundary conditions on gauge couplings, 
namely, that they are expected to unify at Mx- The bi were calculated for a set of phenomenologically 
interesting breaking sequences for SU{5), 50(10), and E{6) in our earlier work [3]. It is not impossible 
that the modification in eq. ([3]) will enable the unification programme to succeed with the current 
low energy values of the coupling constants. This was also examined in the context of the above GUT 
groups [H [5]. In supersymmetric GUTs, the ratio of these 5i determine the non-universal gaugino 
mass ratios [H El [7] whose detectability at high energy colliders has been investigated in detail. 

In earlier works the factors 6i arising from the dim-5 operators were obtained for the SU{5), 50(10), 
and E{6) GUT groups for some selected breaking pattern^ OHj. For 50(10) and £'(6) those chains 
which admit a left-right symmetry were picked. In this note we complete the exercise; we work 
out the unification conditions in the presence of dim-5 operators for all phenomenologically viable 
symmetry descents of the parent group, which could be either 50(10) or E{6), so long as the first 
step in rank preserving. Thus for 50(10) the options for the first step of symmetry breaking are 
5C/(5) (g> U{l)x, SU{4)c ^ SU{2)l(^ SU{2)r and 5f/(3)c SU{2)l® U{1)y ® U{l)x. For E{<d) these 
could be any one oi SU{2,)c®SU{^)l®SU{^)r, SU{2)®SU{&), 50(10)®?7(1)^, SU{h)®U{l)^m{l)n, 
SU{3)c tX" SU{2)l (g) U{1)y ® U{1)^ ® U{l)n- This work provides a compendium of the results for all 
options. After noting the known consequences for 5C/(5), we present the results for the different 
alternatives possible with 50(10) and E{Q) in the succeeding sections. We end with our conclusions. 
The detailed forms of the vevs are relegated to an Appendix. 



^Since $_d arises from the symmetric product of two adjoint representations the symmetry breaking is rank preserving. 
■^The 5i presented here differ from our earlier results in the magnitudes. The relative values are unchanged. 
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SU{5) Representations 




S2 


S3 


N 


24 


1 


3 


-2 


2/V15 


75 


5 


-3 


-1 


8/15\/3 


200 


10 


2 


1 


1/35^/21 



Table 1: Effective contributions (see eq. ([3])) to gauge kinetic terms from different Higgs representa- 
tions in eq. ([2]) for SU (5) — t- SU{3)c <SD SU{2)l U (l)y . N is an overall normalisation which has been 
factored out from the 5i. 

II SU(5) GUT 

The case of SU{5) has been discussed earlier in the literature [3, 4]. For completeness we summarise 
the results here. $d can be in the 24-, 75- or 200-dimensional representation of SU{5) and the 
symmetry is broken to SU{3)c iS) SU{2)l C/(l)y. 

The procedure to obtain these results ^ is to express < > as a diagonal matrix of dimensionality 
of some SU{5) irreducible representation. From the QsM structure of this representation, the 5i can 
be read off. We list the < > for the various cases in the Appendix (see sec. lA.ip . 

The 6i arising in the different cases are listed in Table [H 

m SO(IO) GUT 

5'O(10) [8] is now the widely preferred model for grand unification, offering the option of descending to 
GsM through a left-right symmetric route [9] - the intermediate Pati-Salam Qps = SU{4:)c0 SU{2)li^ 
SU{2)r - or via SU{5) (g) U{l)x or in one step to SU{3)c (E) SU{2)l ® U{1)y ® U{l)x. The effect 
of dimension-5 interactions in the first case has been reported upon before [1] and here we will only 
recapitulate those results and lay primary emphasis on the other options. 

III.l SO(IO) ^ SU(5)®U(1) 

Under 5{7(5) U{\)x the 50(10) spinorial representation decompose^ as follows: 16 = (1,-5) 
+ (5,3) + (10,-1). The SM families belong to this representation. The particle assignments 
within the 16-plet can be chosen in two distinct ways with different physics consequences: (a) 
conventional SU(5): U{l)x commutes with the SM, so the low scale hypercharge (?7(l)y) is 

the same as the U{1)y' in 5'C/(5); e.g., for the (5,3) multiplet Ty/ = diag{^^^,^,—^,—\). 
The SM generators are entirely within the SU{5) and a singlet under it is uncharged. Therefore, 
the (1,-5) submultiplet has to be identified with the neutral member in the 16-plet, the (i = 
1,2,3). The other option is (b) flipped SU(5): Here U{1)y' and U{l)x combine to give C/(l)y: 
Ty = -(2^6 Tx +Ty/)/5 [10] . The difference can be illustrated using the (5,3) multiplet. For it the 

^The correctly normalised {Tr{XiXj) = 2 Stj) U{l)x charges are obtained by multiplying the displayed quantum 
numbers by a factor of — 7= . 
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50(10) Representations 




Si 


N 


210 


-1 


4 


l/4^/5 


770 


1 


16 


-l/24\/5 



Table 2: Effective contributions (see eq. ([3])) to gauge kinetic terms from different Higgs representa- 
tions in eq. ([2]) for 50(10) — >• SU{5) U{1). N is an overall normalisation which has been factored 
out from the 6i. 



U{1)y' assignment is, as before, Ty = y f diag{\, |, |, —\, —\) while the normalised U{l)x is so 

that Ty = diag{—^, — |, — |, — ^, —5)- Thus, this submultiplet now contains (n?, Lj) rather than 
the usual {d'[,L,i}. The (1,-5) state is SU{3)c SU{2)i singlet but carries a non-zero hypercharge, 
Y = 1. The only particle that satisfies this requirement is If. 

The complete particle assignments for the first generation in the two options are: 

(a) For conventional SU{5) 

(1,-5) = u^^ , (5,3) = {dl, h) , (10,-1) = {qi, ul, el) , 

and (b) for flipped 5f7(5): 

(1,-5) = el, (5,3) = {ul, h) , (10,-1) = (gi, d^, u^) , 



(4) 



(5) 



where q and / are respectively the left-handed quark and lepton doublets, u'^, d^, e^, and are the 
CP conjugated states corresponding to the right-handed up-type quark, down-type quark, lepton, and 
neutrino, respectively. 

In 50(10) GUT, at the unification scale one has = gi. The presence of any dim-5 effective 
interactions of the form of eq. ([2]) will affect this relation generating corrections as shown in eq. ([3]) 
which in this case will involve two parameters 85 and 61. 

As noted earlier, can be chosen only in the 54, 210, and 770-dimensional representations. Of 
these, the 54 does not have an 5C/(5) (8> [/(I) singlet. So, only the 210- and 770-dimensional cases need 
examination. 

Using (16 ® 16) = 1 © 45 © 210, < ^>2io > can be expressed as a 16-dimensional traceless diagonal 
matrix. The form of this vev for this symmetry breaking is given in ()A.9p . It yields ^5 = — ^ and 



In a similar fashion the vev of ^770 can be written as the 45x45 diagonal traceless matrix in (jA.lip . 
This results in ^5 = <5i = 

The results for this chain of symmetry breaking are summarised in Table [2l The 6i are completely 
group theoretic in nature and obviously do not depend on whether the particle assignments follow the 
conventional or flipped SU{5). 
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50(10) Representations 


5i 


S2 


^3 


Six 


N 


54 (24) 


1 


3 


-2 





l/2\/T5 


210 (24) 


1 


3 


-2 





l/4\/T5 


210 (75) 


5 


-3 


-1 





1/12 


770 (24) 


1 


3 


-2 





2/VT5 


770 (75) 


5 


-3 


-1 





8/15V3 


770 (200) 


10 


2 


1 





-1/8^/21 



Table 3: Effective contributions (see eq. ([3])) to gauge kinetic terms from different Higgs represen- 
tations in eq. ([2]) for 50(10) SU{3)c SU{2)l U{1)y ^ U{l)x- SU{5) subrepresentations are 
indicated within parentheses. N is an overah normalisation which has been factored out from the 6i. 



III.2 SO(IO) ^ SU(3)e® SU(2)i,® U(l)y® U(l)x 

The unification condition in the presence of dimension-5 effective interactions of the form of eq. ([2]) 
will now involve the parameters 5i {i = 1,2,3) as for SU{5) and an additional one Six- 

In order to break 50(10) directly to ^3211 = SU{3)c0SU{2)li^U{1)y<^U{1)x the vevmust be a non- 
singlet not just under 50(10) but also under SU{5). The decompositions of 50(10) representations 
under SU (5)(8'C/(1) are useful for identifying these vevs. The calculation can be considerably simplified 
by using the SU (5) symmetry breaking patterns at our disposal from sec. [Ill One simply has to look 
for 24, 75, and 200 submultiplets within the 54, 210, and 770 50(10) multiplets. 

The 54 representation of 50(10) has a singlet under ^3211 which is contained in a 24 of SU{5). The 
vev for this case is shown in ()A.12p and the contributions to the Si can be immediately read off from 
the SU (5) result in Table [H These Si are listed in Table [3l 

Notice, that in this case the effect of dimension-5 terms cannot distinguish between an SU{5) theory 
with < <I>24 > driving the symmetry breaking and an 50(10) one with < $54 >. For <l'2io or ^770 the 
situation is different as they have multiple ^3211 singlet directions. 

<I>2io has three directions which are all singlets under ^3211. Of these one is also an SU{5) singlet. 
In the subspace defined by them, three convenient orthogonal directions can be identified, all singlets 
under U{l)x, and corresponding to 1-, 24- and 75-directions of the SU (5) subgroup. If the vev is along 
one of these direction^ it can be simply read off from the results of section [Til The vevs corresponding 
to the 24 and 75 directions are given in ()A.13p and (1A.14|1 . The Si derived therefrom are shown in 
Table[3l In general, we have < $210 >= < *^2io,i > +a24 < ^210,24 > +«75 < '^'210,75 >> where the 
Oi are complex numbers and the concomitant 6i will be appropriately weighted combinations of the 
above results. 

< ^770 > has four ^3211 invariant directions which can be classified under the 5J7(5) representations 
1, 24, 75, and 200. The results for these are also shown in Table [3l Here again, in general, the vev may 
lie in an arbitrary direction in the space spanned by the four SU (5)-identified ones and the resultant 
Si can be readily obtained from the above. 

*For the SU{5) singlet direction the Si are all equal. A vev in this direction alone will not break 50(10) to t/32ii. 
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oC(lUj Kepresentations 






Sz 




54 (24) 


1 


3 


-2 


l/2\/T5 


210 (1) 


-19/5 


1 


1 


T"; ^ — 

-1/4^5 


210 (24) 


-7/5 


3 


-2 


l/4\/T5 


210 (75) 


1/5 


-3 


-1 


1/12 


770 (1) 


77/5 


1 


1 


-l/24\/5 


770 (24) 


-71/25 


3 


-2 


2/^/15 


770 (75) 


1/5 


-3 


-1 


8/15\/3 


770 (200) 


2/5 


2 


1 


-1/8V2T 



Table 4: Effective contributions (see eq. (I3|)) to gauge kinetic terms from different Higgs representa- 
tions in eq. ^ for 50(10) ^ 5C/(3)c ® SU{2)l (E> U{1)y (flipped SU{5)). SU{5) subrepresentations 
are indicated within parentheses. N is an overall normalisation which has been factored out from the 
Si. 



Unlike the case of < $54 > where the singlet direction is unique, the < $210 > and < $770 > provide 
a more general option and therefore the predictions for the 5i are not unique but cover a range. In 
this sense the model becomes less predictiv^. 

This route of symmetry breaking of SO{10) does not admit the flipped SU{5) option by itself since in 
that case the U{l)x combines with a U{1) subgroup of SU{5) to produce U{1)y and thus 50(10) is 
broken to QsM, which is of rank 4, not 5. So this symmetry breaking will have to be through some other 
50(10) scalar multiplet. Nonetheless, assuming that such a symmetry breaking is operational, we may 
ask what would be the impact of the vevs of <I'54, ^210, and $770 of this subsection on the unification 
parameters (5i , i = 1,2,3. Using the vets used before and noting that C/(l)y: Ty = —{2\/QTx+Tyi)/5 
one finds the results presented in Table [H 



III.3 SO(IO) ^ SU(4)c®SU(2)i®SU(2)jj 

The left-right symmetric route of descent of 50(10) has been examined by us earlier in detail [U 
Here for the sake of completeness we briefly recall the results for the symmetry breaking 50(10) — )• 
Gps- As noted in eq. ([HD, we will be interested in the factors (54c, S2L, and 62r- 

As before, can be chosen only in the 54-, 210-, and 770-dimensional representations ensuring that 
leaves Gps unbroken. 

For $54 the appropriate vev is given in ()A.16P and this results in 54c = — ^ and S2L = S2R = ttjt^ ■ 
Notice that this correction to unification ensures that g2L{Mx) = g2R{Mx), i.e., D-parity [Tlj is 
preserved. 

A 16x16 form of < ^210 > is given in (IA.17P from which one can calculate 64c =0 and 52l = —S2R = 
D-parity is broken through < $210 > and thus g2L{Mx) / g2R{Mx) though SU{2)l ® SU{2)r 
remains unbroken at Mx- 

^This also applies to the non-universality options for gaugino masses in supersymmetric theories. 



6 



50(10) Representations 




^2L 




N 


54 


-2 


3 


3 


l/2^/T5 


210 





1 


-1 


1/2^/2 


770 


2 


5 


5 


1/24^/5 



Table 5: Effective contributions (see eq. ([3])) to gauge kinetic terms from different Higgs representa- 
tions in eq. ([2]) for 5*0(10) — 5C/(4)c ® SU{2)l ® 5^7(2)/?. is an overall normalisation which has 
been factored out from the 5i. 



E(6) Representations 


S2 




N 


650 


5 


-1 


1/6V5 


2430 


-35 


-9 


1/12 V910 



Table 6: Effective contributions (see eq. dS])) to gauge kinetic terms from different Higgs representa- 
tions in eq. ([2]) for E(6) — )■ SU{2) <S> SU{6). N is an overall normalisation which has been factored 
out from the (5j. 



The final option is ^^770. One can write the vev in terms of a 45-dimensional diagonal traceless 
matrix and this is given in (jA.lSp . From this one finds S^c = 72^/5 ^^'^ D-parity conserving 

The results for this chain of 50(10) breaking are collected together in Table [5j 

IV E(6) GUT 

The exceptional group E{6) has been proposed as a viable GUT symmetry [T2]. Among its subgroups 
of same rank are 5;7(3)c SU{3) l SU{3)r, SU{3)c SU{2) l U{1) l SU{2)r U{1)r, SU{2) ® 
5C/(6), 50(10) ® U{l)r^, SU{b) (g> U{1)^ (g> U{1%, and SU(3)c SU{2)l(S> U{1)y «> ^7(1)^ C/(l)^. All 
of these intermediate gauge groups accommodate QsM as a subgroup and lead to different low scale 
phenomenology. We have examined the first option in detail earlier [H |5]. Here we will concentrate 
on the remaining breaking chains recalling the first only for the sake of completeness. 

For E{6) the adjoint representation is 78-dimensional. Noting that {78'^78)sym = 1® 6500 2430 it is 
clear that can be either 650- or 2430-dimensional. Both of them contain singlets under the above 
mentioned intermediate gauge groups we are interested in. 

IV.l E(6) ^ SU(2)®SU(6) 

The inconsistency of the Georgi-Glashow SU (5) model with the proton decay and gauge unification 
requirements has been a motivation to seek alternative GUT models. 5C/(6) is one of them. It can 
naturally guarantee strong-CP invariance and a supersymmetrised version implements doublet-triplet 
splitting by the missing vev mechanism |13] . 
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The subgroups from the breaking -^(6) — )• SU{2) (g) SU{6) have been identified in several physically 
distinct manners: SU{2)ii (g) 5C/(6)', SU{2)l CS> SU{6)", and SU{2)x «> SU{6). The results that we 
discuss are valid irrespective of these alternative interpretations. 

The contributions from the 650-dimensional representation for this symmetry breaking chain can be 
obtained from eq. (jA.lOp . One finds 62 = and 5q = —^^1 

For the 2430-dimensional E{6) representation the vev is given in (jX20l) . From it we get do = — , „ „ ■ 
Sq = — ^-^=. The results for this symmetry breaking chain can be found in Tabled 



IV.2 E(6) ^ SO(10)®U(1)^ 



E{6) contains 5O(10)®C/ (1) as a maximal subgroup. Breaking patterns based on this are well discussed 
in the literature [12j . Here, we consider the effect of dim-5 operators on the gauge unification condition. 



< $650 > is given in (|A.2ip . From it one obtains 610 = Si = Using ()A.22p for < $2430 > 

one can similarly get 610 = 61 — ^ 



72V26 



8V26 



6^5' ^ 6^5' 

. These results are listed in Table El 



£^(6) Representations 


<5io 


Si 


N 


650 


-1 


5 


1/6^/5 


2430 


1 


27 


1/72^/26 



Table 7: Effective contributions (see eq. ([3])) to gauge kinetic terms from different Higgs representa- 
tions in eq. ([2]) for E{6) — t- S0{W) (E> U (1). is an overall normalisation which has been factored out 
from the 



IV.3 E(6) ^ SU(5)®U(1)5®U(1)^ 

The results in this case are very similar to that for sec. IIII.ll There it was noted that the 5*0 (10) 
210 and 770 representations contain singlets under SU{5) U{l)x and the 5^ and 5i in the two cases 
were presented in Table [2j These results can be immediately taken over for the current case with the 
change that the U{l)x is here termed U{1)^ and that (5,^ = in all cases. 

The two relevant representations of -£"(6) are 650 and 2430. Of these, 650 contains a (210,0) submul- 
tiplet under S'O(IO) U{l)rj. So for the 650 the 5i will be exactly as for the 210 in Table [2j 

The -£(6) 2430 representation contains both the (210,0) as well as the (770,0) within it. If the vev is 
assigned to any one of these directions the resultant 6i will be as in the respective case in Table [2l In 
general, the vev will be a superposition of these two and so the 6i will be the appropriately weighted 
value. 



IV.4 E(6) ^ SU(3)e®SU(2)L®U(l)y® U(1)5®U(1)^ 

As for the previous subsection, this alternative can be disposed off straightforwardly using the results 
of sec. nil. 21 This time there is one extra step. In sec. IIII.2I results are presented for the S'O(IO) 
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E{Q) Representations 


he 




hn 


N 


650 


-2 


1 


1 


-1/6V2 


650' 





1 


-1 


1/2^/6 


2430 


1 


1 


1 


-1/4^/26 



Table 8: Effective contributions (see eq. ([3])) to gauge kinetic terms from different Higgs rep- 
resentations in eq. ^ for E{6) SU{3)c (S> SU{3)l SU{3)r. Note that there are two 
SU{3)c (8> SU{3)l (8 SU{3)r singlet directions in 650. N is an overall normalisation which has been 
factored out from the 6i. 



representations 54, 210, and 770. They can be immediately taken over by noting that the E{6) 650 
contains (54,0) and (210,0) submultiplets while the 2430 contains (54,0), (210,0), and (770,0). 

The main changes compared to sec. IIII.2I are that the U{l)x there is called U{1)^ here and for all 
cases 6^ = 6^^ = 0. For the 650 representation if the vev is chosen along either the (54,0) or the (210,0) 
directions then the results of Table [3] apply directly. In general, of course, the 5i will be a weighted 
combination of these. Similar conclusions can be drawn about the < $2430 > except that here, in 
general, the 5i will be a linear combination of the ones in Table [3l 



IV.5 E(6) ^ SU(3),®SU(3)l®SU(3)k 

This breaking chain [Ijj is exhaustively considered in [H [5] in the light of left-right symmetry [9] . A 
Z2 symmetry - D-Parity - is assumed to be active between SU{2)l and SU{2)ji. The vev < $ > can 
be classified by its D-Parity behaviour. < $550 > has two directions which are singlets under ^333 
which are even and odd under D-Parity. 

The form of < $650 > is given in ()A.26p for the D-Parity even case while ()A.27|) is for the D-parity odd 
vev. This results in = and 831 = hn. = ^ for the former and 53c =0 and 831 = -83R = ^ 

for the latter. < <I>2430 > is listed in (IA.28j) . From it one can readily read off 53c = 631 = 63^ = — ^J^ . 
In Table [5] we collect the findings for the different representations of E{6). 

It is worth remarking that the three SU (3) subgroups in this chain are on an equal footing. It is possible 
to relate any two of them through a Z2-type discrete symmetry. For the purpose of illustration and for 
phenomenological interest we have identified it with D-Parity. Obviously, one could just as well choose 
the Z2-type symmetry to be between SU{3)c and SU{3)l (or SU{3)r). The symmetry breaking vevs 
of $650; either even or odd under this changed parity-like symmetry, are simply linear combinations 
between the vevs which are odd and even under D-Parity discussed above. 



V Conclusions 



Higher dimensional non-renormalisable interactions can partially mimic the effects arising from quan- 
tum gravity or string compactification. We have considered a class of such operators, see eq. ([2]), those 
that modify the gauge kinetic term in GUTs. An operator of this type involves a scalar multiplet 
which, it turns out, can only break the symmetry in a rank preserving manner. After spontaneous 
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symmetry breaking such terms affect the unification of couphng constants in a calculable manner. 
The modifications depend on the subgroup to which the GUT is broken at the first stage and are 
quantified in terms of group theoretic factors 5j. In supersymmetric gauge theories the same factors 
are of interest as they characterise non-universality of gaugino masses at the GUT scale. 

For SO{10) and E(6) GUTs we have obtained the 5i for all allowed operators and all rank-preserving 
symmetry breakings. For SU{5) the symmetry breaking is unique. For some symmetry breaking chains 
of 50(10) (e.g., SO{W) SU{5)^U{1)) andE(6), (e.g., £^(6) ^ SO{W)^U{l)) there is exactly one 
direction in a scalar multiplet to which the vev can be ascribed and here again the predictions are one- 
to-one. This is not so for some other possibilities, (e.g., SO(IO) — )• SU{3)c(d SU{2)L(dU{l)Y (dU{l)x) 
where multiple directions within a scalar multiplet can accomplish the desired symmetry breaking. 
Here, the predictions for gauge coupling unification are more flexible, as are the implications for 
gaugino mass non-universality. 
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A Appendix: The vacuum expectation values 

In this Appendix we collect the different vacuum expectation values which are used in this work. 



A.l SU(5) 

For SU{5) can be in the 24, 75, and 200 representations. 

The prototype example of the vacuum expectation values found useful in the calculations is in the 
case of SU{5) with a <I>24 scalar. The vev of this field can be represented as a traceless 5x5 diagonal 
matrix {Tr(XiXj) = 1/2 dij): 

< $24 >= V24^ diag{3, 3, -2, -2, -2) = V2a < 24 >5 . (A.l) 
v60 



In addition 10- and 15-dimensional forms of the vev, identified through the property that the resulting 
5i are the same as from (lA.lj) . are also found useful. Under Qsm the SU{5) 10 = (1,1)2 + (3,1)_4 + 
(3,2)1 . Noting that Tr{\i\j) = 3/2 5ij, one finds: 

< $24 >= ^24^ diag{Q, -4, -4, -4, 1^_^^) = ^4 < 24 >io . (A.2) 

6 entries 

Under Qsm the 15 of 5C/(5) is (6,1)_4 + (3,2) 1 + (1,3)2 and one has (rr(AAj) = 7/2 5ij): 

< $24 >= ^^24^ diag{-4., . . . , -4, 1, . . . , 1, 6, 6, 6) = v'i^ < 24 >i5 . (A.3) 
V oO ^ V 



6 entries 6 entries 

(|AT]) . (K^ . and (fXSl) yield the same 6i if t;24 = ^24 = 9^24- 
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It comes of use for the discussions of 50(10) to also list the 24x24 forms of the different SU{5) vevs. 
In this case Tr{XiXj) = 5 6ij. The 24 of SU{5) is (l,l)o + (l,3)o + (8,l)o + (3,2)_5 + (3,2)5 . Thus 
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< $24 >= 44\/ ^ diag{2, 6, 6, 6, -4, . . . , -4, 1, . . . , 1,1, . . . , 1 ) = v'^'^ < 24 >24 • (A.4) 



8 entries 6 entries 6 entries 



For the vev of the 75-dimensional representation one uses the SU{5) relation: W 10 = 1 © 24 © 75. 
Taking into consideration that < <I>75 > must be orthogonal to < <I>24 >, i-e., (IA.2j) . it can be expressed 
as: ^ 

< $75 >= "^75;^ diag{3, 1, 1, 1, -1,... ,-1 ) = V75 < 75 >io . (A.5) 

6 entries 

The 24x24 form of < $75 > which yields the same 6i as ()A.5p is: 

< $75 >= ^75\f^ diag{5, -3, -3, -3, -1, . . . , -1 , 1, . . . , 1, 1, . . . , 1) = ^ < 75 >24 • (A.6) 

8 entries 6 entries 6 entries 

Similarly, the relation 15 © 15 = 1 © 24 © 200 permits the vev for $200 to be written as a 15x15 
traceless diagonal matrix. Ensuring orthogonality with < <I>24 >, i-e., (|A.3p . one has: 

< $200 >= ^^200^ diag{l, . . . , 1, -2, . . . , -2, 2, 2, 2) = V200 < 200 >i5 . (A.7) 
V12 ^ — V — ' ^ V ' 

6 entries 6 entries 

< $200 > can be also cast in a 24x24 form. Keeping ()A.4p . (jA.6p . and (|A.7p in mind, it is found to 
be: 



< $200 >= ^o\/y^ diagjlO, 2,2,2,1,..., 1, -2, . . . , -2 , -2, . . . , -2 ) = < 200 >24 • (A.J 

8 entries 6 entries 6 entries 



A.2 SO(IO) 

For 50(10) the possible choices for are the 54-, 210-, and 770-dimensional representations. 

The 50(10) relation 10© 10 = 1©45©54 ensures that < <I>54 > can be expressed as a 10x10 traceless 
diagonal matrix. It is readily checked that the normalisation condition is Tr{XiXj) = 5ij. 

Similarly, 16 © 16 = 1 © 45 © 210 permits < $210 > to be represented in a 16x16 traceless diagonal 
form. For the 16x16 matrices Tr{XiXj) = 2 6ij. 

Finally, < $770 > can be written as a 45x45 matrix which is traceless and diagonal since (45 © 
45)sym = 1 © 54 © 210 © 770. Note that < $54 > and < $210 > can also be written in a similar 
form and orthogonality with them has to be ensured when obtaining < $770 >. For these matrices 
Tr{XiXj) = 8 5ij. 

The above observations for 50(10) are valid no matter which chain of symmetry breaking is under 
consideration. 
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A.2.1 SO(IO) ^ SU(5)®U(1) 

For $54 there is no SU{5) ^ U{l)x invariant direction. 



Under SU{5) (g) U{l)x, 16 = (1,-5) + (5,3) + (10,1). Further, the diagonal matrix < ^>2io > must be 
orthogonal to the one corresponding to U{l)x, i-e., ^^f^ (iza5((-5, 3, 3, 3, 3, 3,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1). 
Satisfying these, we find: 

< ^210 >= ^210-^ diag{5, 1, 1, 1, 1, 1, -1,. ,-1 , ) = V210 < 210 >i6 . (A.9) 

10 entries 

Under SU{5) O U{l)x 45 = (1, 0) + (10, 4) + (TO, -4) + (24, 0). Asking the results from (lA9l) be 
reproduced one arrives at: 




10 entries 10 entries 24 entries 

< $770 > is chosen to be singlet under SU{5) (>5 U{l)x and orthogonal to < $210 > in (|A.10p . It is: 
< $770 >= ^770^ dmg(16, -2,... ,-2 , -2,...,-2 , 1^_^) = ?;2io < 770 >45 • (A.ll) 

10 entries 10 entries 24 entries 

A.2.2 SO(IO) ^ SU(3)c(g) SU(2)l0 U(l)y0 U(l)x 

The case we consider in this subsection is a typical example of several symmetry breaking chains (see 
the E{6) cases below) where the vevs can be easily written down using the vevs for GUT groups which 
are themselves subgroups of the one under consideration. Here we exploit the findings of sec. lA.ll 
on SU{5) symmetry breaking to obtain the required results providing enough details. In subsequent 
subsections we simple write down the results since the method is the same. 

To accomplish the desired symmetry breaking the vev has to be assigned to a component of $£) which 
is not only a non-singlet under 50(10) but also under its subgroup SU (5). In fact, from the discussions 
in sec. lA.ll it must transform as a 24, 75, or 200 of SU{5). 

The 54-dimensional S'O(IO) representation contains an SU{5) (8'?7(l)x (24,0) which is appropriate for 
the symmetry breaking under consideration. Under SU{5) (g) U{l)x 10 = (5,2) + (5,-2). Using ()A.ip 
one finds 

< $54,24 > = t;54-L d^a9(3,3,-2,-2,-2,3,3,-2,-2,-2) 
V60 



= i;(;4 dia5(< 24 >5,< 24 >5) = ^;^4< 54, 24 >io. (A.12) 

Under SU{5) U{l)x 210 D (24,0) + (75,0). Bearing in mind 16 = (1,-5) + (5,3) + (10,-1) and 
employing (jA.ip and (|A.2p 

< $210,24 > = t;^io-^ tim5(0,3,3,-2,-2,-2,6,-4,-4,-4,l,...,l) 
VoO ^ — V — ' 

6 entries 

= t;^io(0,<24>5,<24>io) = 4io<210,24>i6. (A.13) 
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Ensuring orthogonality and using (jA.Sp one has: 

< ^210,75 > = ^210^ (img(0,0,.^. ,0,3, 1,1, 1, -1,. .^^ ,-1 ) 

5 entries 6 entries 

= ^;^lo^(0>0^_^,< 75 >io) = ^^210 < 210,75 >i6 . (A.14) 

5 entries 

The 770 representation of 50(10) contains within it (24,0), (75,0), and (200,0) submultiplets under 
SU{5) U{l)x- As aheady discussed, < ^770 > can be expressed as a traceless, diagonal 45x45 
matrix. Further 45 = (1,0) + (10,4) + (TO, -4) + (24,0). Using (lOl) one gets: 

< ^770,200 >= v'^'jo^iO, 0^_^, 0^_^, < 200 >24) = ^770 < 770, 200 >45 . (A. 15) 

10 entries 10 entries 

A.2.3 SO(IO) ^ SU(4)c«)SU(2)l0SU(2)r 

Under SU(4)c(Xi SU(2)L(g) SU(2)/j, 10 = (1,2,2) + (6,1,1). From the tracelessness condition one can 
immediately obtain 

< $54 >=V54-^ rfmg(3,3,3,3, -2,..^. ,-2 ). (A.16) 

6 entries 

As noted earlier, < <I>2io > can be represented as a traceless and diagonal 16x16 matrix. Since 16 = 
(4,2,1) + (4,1,2) one can readily identify 

< ^210 >= ^210^ dmg(l,..^. ,1, -1,..^.,-! ), (A.17) 

8 entries 8 entries 

Similarly, noting 45 = (15,1,1) + (1,3,1) + (1,1,3)+ (6,2,2) under SU{4:)c SU{2)l SU{2)r, one 
can write < $770 > as: 

< $770 >= ^770^^ rfmg( -4,.^. ,-4 , -10,..^. , -10 , 5^_^). (A. 18) 

15 entries 3+3 entries 24 entries 

The < $54 > and < $210 > can also be written in a similar 45x45 form and care must be taken to 
ensure that < $770 > is orthogonal to them. 

A.3 E(6) 

The options available for for E{6) GUTs are 650- and 2430-dimensional. 

In E{6) 27 ig) 27 = 1 © 78 © 650. So, <I>650 can be expressed as a 27x27 traceless diagonal matrix. For 
this case Tr{XiXj) = 3 6ij. 

Also, (78 © 78)sym = 1 © 650 © 2430. Hence both < $650 > and < $2430 > can be represented as 
78x78 diagonal traceless matrices. For them Tr(AjAj) = 12 6ij. 
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A.3.1 E(6) ^ SU(2)®SU(6) 



Both 650 and 2430 have directions which are singlets under SU{2) ® SU{6). Under SU{2) SU{Q) 
27 = (2,6) + (1,15). Therefore one can readily write < $650 > for this channel of symmetry breaking 
as the 27x27 diagonal traceless matrix: 

< $650 >= ^650^/^ (imff(5,..^.,5, -4,..^.,-4 ). (A.19) 

12 entries 15 entries 

The 2430 vev can be written down using 78 = (3,1) + (1, 35) + (2, 20) and maintaining orthogonality 
with < $650 > one can write 

< $2430 >= V2Aza-^L= diag{70, 70, 70, 18, . . . , 18 , -21, . . . , -21 ). (A.20) 

35 entries 40 entries 



A.3.2 E(6) ^ SO(10)®U(1)^ 

The 650 representation has a singlet under S'O(IO) U{1) which as before can be expressed as a 
27x27 matrix. Under 50(10) (g) U{1) 27 = (1, 4) + (16, 1) + (10, -2). Using this one finds 

< $650 >= ^650^^ diag{40, -5, . , -5 , 4, . ,4). (A.21) 

16 entries 10 entries 

To write down $2430 we note that the decomposition under 50(10) U{1) is 78 = (1, 0) + (45, 0) + 
(16, -3) + (16, 3). Ensuring the requirements of orthogonality to < $650 > and tracelessness we have 

< $2430 >= ^2430^^ rfmg(- 108, -4, . ■ . , -4 , 9^_^, 9^_^). (A.22) 

45 entries 16 entries 16 entries 



A.3.3 E(6) ^ SU(5)«)U(1)5«)U(1)^ 

The results for this option of symmetry breaking can be obtained by referring to those in sec. 
for 50(10) — )• SU{5) U{l)x- Here the vev must be assigned to a direction which is a singlet under 
SU{5) (g) U{1)^ ® U{l)r, but not under 50(10) (g) U{l)r,. Such possibilities are the following: 650 
of E(6) contains the submultiplets (54,0) and (210,0) under the latter group and the 2430 of E{6) 
includes (210,0) and (770,0). As already noted the 50(10) 54 does not have a singlet direction of 
SU{5) (8) U{l)x- So, we need to consider only the other possibilities. 

It is useful to recall the decomposition 27 = (1,4) + (10,-2) + (16,1) under 50(10(8 [/(l)^. Then from 
(|A.9p we have 

< $650,210 >= ^'650-^1 diag{0, 0^_^, < 210 >i6). (A.23) 

10 entries 

< $650 > can also be expressed as a 78x78 traceless diagonal matrix. Here one uses 78 = (1,0) + 
(45,0) + (16, -3) + (T6,3) under SO{W (g) U{l)r,. Then using (IXOll and (lATOll : 

< $2430,210 >= t'650 diag{0, < 210 >45, < 210 >i6, < 210 >i6). (A.24) 
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The remaining vev is < $2430 > which can be written down using (jA.lip 

< ^2430,770 >= ^^2430^ ^ diag{0, < 770 >45, 0^_^, 0^_^). (A.25) 

16 entries 16 entries 



A.3.4 E(6) ^ SU(3)c«)SU(2)L»U(l)y«) U(1)50U(1)^ 

For this symmetry breaking we can utihse the results in sec. IA.2.21 for 50(10) — ?■ SU{3) (8> SU{2)l (8) 
U{1)y 'S'U{l)x- The relevant submultiplets are the following: 650 of £'(6) contains (54,0) and (210,0) 
under SO{W)(g>U{l)r, and the 2430 of E{6) includes (54,0), (210,0) and (770,0). The desired symmetry 
breaking can occur through the further SU{5) 24, 75, or 200 content of the 50(10) multiplets, viz., 
54 D 24; 210 D 24 and 75; and 770 D 24, 75 and 200. 

The explicit forms of the vevs are not of much use since ultimately it is the SU{5) representation 
which fixes the 5i following the results of sec. [Ill So, we refrain from displaying the vevs in this case. 



A.3.5 E(6) ^ SU(3)c0SU(3)l®SU(3)/j 



As before, < ^'eso > can be written as a 27x27 matrix. It turns out that the 650 representation has 
two directions which are singlet under SU (3)c tX" SU (3) l (d) SU (3)j? = ^333. Of course, a vev in any one 
of these directions or linear combinations thereof may be chosen to break the symmetry. In particular, 
two linear combinations may be identified which respect 631 = ^^SR- These are of interest from the 
physics standpoint as they are respectively even or odd under D-Parity. 

In this option ofS(6) symmetry breaking to SU (3) c0 SU (3) l'S' SU {3) r one has 27 = (1,3,3) + (3,1,3) 
+ (3,3,1). The D-even case is: 

< $650 >= ^650^ (img( -2,..^. ,-2 ,1,..^. ,1,1,..^.,!). (A.26) 

9 entries 9 entries 9 entries 



while the D-odd vev is 



< $'650 >= dmg(0,...,0,l,...,l, -l,...,-l ). (A.27) 

9 entries 9 entries 9 entries 



As in the other cases, < $2430 > can be written as a 78x78 traceless diagonal matrix. Noting that 78 
= (8,1,1) + (1,8,1) + (1,1,8) + (3,3,3) + (3,3,3) and maintaining orthogonality with < $650 > and 
< $g5Q > one can write 

< $2430 >= ^^2430^/^ diag{9, . ■ . , 9, 9, . . . , 9, 9, . . . , 9, -4, . . . , -4 , -4, . . . , -4 ). (A.28) 

8 entries 8 entries 8 entries 27 entries 27 entries 
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